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Abstract

Simulation of large systems of partial differential equations (PDEs) underlies the
modeling of many physical and biological systems, yet translating complex mathe-
matical models into accurate, efficient, and usable simulations remains technically
demanding. We present WEB-PDE-LLM, a multi-agent framework that trans-
forms mathematical PDE descriptions into validated, interactive, real-time GPU
simulations that execute directly in a web browser. Starting from a LaTeX-like
PDE specification, specialized LLM agents parse the model and numerical param-
eters, generate WebGL GPU solver code, execute and verify the simulation in a
browser, and iteratively repair the implementation using shader-compilation errors
and numerical-error feedback. After repair, the shader is frozen and evaluated
against held-out reference trajectories never exposed to the agents. Unlike exist-
ing LLM-based scientific simulation frameworks that primarily generate Python
or domain-specific solver code, WEB-PDE-LLM directly generates GPU com-
putational kernels for browser execution, producing self-contained simulations
requiring no Python environment, compilation, or external numerical libraries. We
evaluate the framework across five PDE families of increasing complexity, from
one-dimensional advection and Burgers’ equations to nonlinear cardiac reaction-
diffusion models with up to 19 differential equations per cell, using four LLM
backbones and comparisons with one-shot LLM generation and existing agent-
based PDE frameworks. WEB-PDE-LLM achieves the highest overall accuracy
and solver pass rate and is the only evaluated framework to generate valid solvers
for the most complex cardiac model across all four LLM backbones. These results
demonstrate how LLM agents can transform mathematical models directly into ac-
cessible, high-performance scientific simulations that can be executed and explored
interactively on consumer devices.

1 Introduction

PDEs govern transport, diffusion, wave propagation, and many biological and physical processes. In
cardiac electrophysiology, reaction-diffusion PDEs couple membrane-voltage propagation with non-
linear ionic kinetics[1]], producing wave fronts, spiral waves, and fibrillatory dynamics that are costly
to simulate at high resolution [2-4]. Even with mature numerical methods, the workflow is demand-
ing: discretization, boundary conditions, stable time steps, and a compute environment. LLMs have
begun to lower it by generating scientific code from natural language, part of a broader shift toward
agentic workflows that combine reasoning, tool use, execution feedback, and iterative self-correction
[SH8]. Recent systems such as CodePDE, LLM-PDEveloper, AutoNumerics, and MCP-SIM show
that LL.Ms can generate, debug, and refine simulation code [9-12]. However, generating scientific
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code is not equivalent to producing an immediately usable scientific simulation. Existing approaches
typically assume a conventional execution environment such as Python or a domain-specific codebase,
requiring compatible software, numerical libraries, and computational infrastructure. An important
next step is therefore to determine whether LLMs can translate mathematical models directly into
self-contained, high-performance simulations that can be executed and explored interactively by
the user. Separately, WebGL systems have demonstrated real-time browser-based PDE and cardiac
simulation on commodity devices [13H19]. These systems, however, rely on models and shader
implementations supplied by developers; existing LLM-based solver-generation methods do not target
the browser execution layer, where physical fields are maintained as GPU textures and numerical
updates are executed via fragment shaders [20} 21]].

WEB-PDE-LLM closes this gap by treating the browser itself as the simulation platform, converting
a LaTeX-like PDE description into a WebGL application whose fragment shader advances the state
in real time, a self-contained simulation that needs no Python or local hardware setup. Because
encoding PDEs directly into WebGL textures is non-trivial, WEB-PDE-LLM adopts a multi-agent
framework (Section [3) that decouples equation parsing, code generation, verification, and automated
debugging [22} 23]].

The main contributions of this work are:

From Mathematical Models to Executable GPU Simulations: We introduce, to our knowledge,
the first automated LLM-agent framework that translates mathematical PDE specifications directly
into GPU-accelerated, browser-executable scientific simulations.

Zero-Setup In-Browser Interactive Scientific Computing: We enable direct synthesis of inter-
active WebGL solvers from natural language, executing client-side on personal hardware, via its
browser, without dependencies on Python runtimes, compilations, or external numerical libraries and
specialized local software infrastructure.

Specialized Multi-Agent Generation and Validation: We develop a modular agent architecture
tailored to shader synthesis that decouples mathematical equation parsing and verification, and
automated debugging using compilation and numerical-error feedback.

Rigorous Benchmark from Simple to Complex PDE Dynamics: We evaluate WEB-PDE-LLM
across five PDE families and four LLM backbones, with an emphasis on benchmarking numeri-
cal accuracy, solver pass rate, and token efficiency against one-shot LLM generation and existing
PDE-generation frameworks (CodePDE, MCP-SIM, PINNsAgent). WEB-PDE-LLM is the only
evaluated framework to generate valid solvers for the 19-variable TNNP cardiac electrophysiology
model across all four LLM backbones.

2 Related Work

LLM-based PDE solver generation. CodePDE is the closest baseline in spirit, asking LLMs to
generate, execute, debug, and refine PDE solvers at inference time [9)]. LLM-PDEveloper instead
extends PDE software libraries by translating mathematical and algorithmic descriptions into new
solver modules, while AutoNumerics uses a multi-agent, coarse-to-fine pipeline to select, implement,
and verify classical numerical schemes [10} [11]. WEB-PDE-LLM shares their code-as-reasoning
premise but targets WebGL fragment shaders and complete browser applications, changing the
failure modes and required abstractions. OpInf-LLM instead learns a data-driven surrogate offline
via operator inference, emitting no inspectable solver [24]]. PDEBench and the more recent Well
collection benchmark learned solvers across increasingly diverse physical systems [25)126]]. Physics-
informed neural networks and neural operators learn solution maps from data or physics constraints
[27, [28]]; recent foundation models such as Poseidon and PDEformer-1 broaden this direction through
pretraining across PDE families or symbolic equation specifications [29,30].

Browser-based PDE simulation. Browser GPU computing predates LLM-based solver generation.
Abubu.js demonstrated large-scale, interactive WebGL simulations, including cardiac electrophysi-
ology, on personal computers and mobile devices [[13]]. VisualPDE provides an interactive browser
environment for exploring reaction—diffusion and other PDE systems [14], while CardioFit uses
WebGL to accelerate interactive parametrization of cardiac action-potential models [[15]. These
systems establish the feasibility and value of client-side scientific simulation, but their equations and
numerical kernels are hand-authored. WEB-PDE-LLM addresses the complementary problem of
automatically synthesizing and repairing those kernels from mathematical descriptions.
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Multi-agent systems for scientific simulation. Multi-agent LLM systems decompose complex tasks
into specialized planning, coding, execution, and repair roles [|8, [31H35]]. MCP-SIM builds, executes,
and diagnoses simulation code via a memory-coordinated agent set [12]; CFDAgent automates
zero-shot CFD simulation with preprocessing, solver, and postprocessing agents [36]; related work
applies similar coordination to scientific hypothesis generation [37]].

3 Methodology

Problem formulation. The input to WEB-PDE-LLM is a LaTeX-like description of a time-dependent
PDE system, d;q(t,x) = F(q, Vq, V2q; 8), where q denotes one or more state variables and 0
physical/numerical parameters, together with the spatial domain, grid resolution, time horizon, time
step, and boundary conditions. The output is a WebGL simulation artifact that advances q on a
texture grid and, when requested for evaluation, exports sampled solution values for comparison with
reference data. The implementation covers one-dimensional advection and Burgers’, two-dimensional
heat, Fenton—Karma (FK), and Ten Tusscher-Noble-Noble-Panfilov (TNNP/TP06) [2H4] equations:
the simpler PDEs test stable transport/diffusion stencils, while the cardiac models test coupled
nonlinear reaction terms, piecewise kinetics, and multi-channel state layouts.

System overview. WEB-PDE-LLM is organized as a parse/code/verify/debug loop (Figure |1,
following the agentic pattern of interleaving reasoning, action, external execution, and feedback-
driven revision [SH7]. The framework is model-provider agnostic and routes through OpenAl,
Anthropic, Gemini, DeepSeek, or cloud/local Ollama models. Parse validation matters most for
smaller models, which may hallucinate fields or choose unstable time steps, motivating explicit
checker and resolver roles [22,[35]].

Agent details. The Parse Agent converts the description into a JSON object with the fields needed
downstream: governing equations, state-variable count, texture size, spatial and time step, domain
size, time horizon, boundary conditions, parameters, and implementation notes. A Parsed-Content
Checking Agent then reviews it for completeness, type correctness, and numerical plausibility
(especially CFL-like time-step stability), correcting unstable metadata [[7, 22| [8]. Based on the
state-variable count, Skeleton Preparation selects a WebGL texture layout (a single channel for
scalar PDEs, three channels for the FK, 19 channels for the TNNP) and injects At, Az, texture size,
and parameters. This narrows the Code Agent to the mathematically critical kernel: raw GLSL
implementing finite-difference Laplacians, upwind updates, and thresholded gating kinetics for the
cardiac models [23]. The Verify Agent launches the browser simulation and monitors the WebGL
shader-compilation output with the best solver (lowest train nRMSE) out of 10 trials from Code
Agent. It also computes nRMSE on a training set whose initial conditions are disjoint from those used
for final evaluation. If shader compilation fails or the train nRMSE exceeds a predefined acceptance
threshold, the Debug Agent receives the corresponding compiler message or train error feedback and
revises the shader. After repair, the shader code is frozen and evaluated on the held-out test set.

4 Experiments

PDEs of Interest. Our benchmark suite comprises five PDE families, chosen to stress spatial
dimension, operator type (transport, diffusion, mixed), linearity, state-variable count (one to 19), and
boundary conditions (periodic, no-flux/Neumann). For every case the generated solver advances the
state from a prescribed initial condition to a fixed horizon 7" and exports sampled trajectories for
comparison with reference solutions; discretization and parameter values are released with our code.
Advection. The one-dimensional linear advection equation d;u = —3 d,u, x € (0,1), ¢t € (0,71,
with periodic boundaries and a smooth initial condition, tests stable transport stencils on a 1024-point
grid to T' = 2 with § =0.1.

Burgers’. The one-dimensional viscous Burgers’ equation in conservative form, d;u + 8x(%u2) =
2 Ozeu, x € (0,1) with periodic boundary condition, 1024-point grid and 7' = 2, v = 0.001.

Heat. The two-dimensional heat equation ,u = aV>u, (z,y) € (0,1)?2, with periodic boundaries
and diffusivity a, tests an isotropic diffusion stencil on a 128 x 128 grid to T = 2, with o = 0.01.
FK. The FK model is a two-dimensional, three-variable reaction-diffusion system for a diffusive
field u(t, ) and non-diffusive gating variables v, w, coupled through three piecewise ionic currents
gated by a Heaviside excitation threshold (full equations in Section . We solve on 2 = [0, 10]?
with no-flux (Neumann) boundaries on a 512 x 512 grid, 7' = 100, At = 2.5 x 1072, D = 1073,
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using the standard FK parameter set [2].

TNNP. The TNNP model couples a diffusive transmembrane potential V (¢, ) to 19 non-diffusive
state variables through a total ionic current that sums 12 nonlinear components (complete equations
and standard TP0O6 parameters in Section EI) (3, 4]. We integrate on 2 = [0, 12]2 with no-flux
(Neumann) boundaries on a 512 x 512 grid, 7' = 100, At = 2.5 x 1072, D = 107°.
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Figure 1: The WEB-PDE-LLM pipeline. A PDE description is parsed into structured metadata,
checked, injected into a WebGL skeleton, completed by the Code Agent, and executed in a browser
by the Verify Agent. Shader-compilation errors and train nRMSE are returned to the Debug Agent.
The resulting shader is then frozen and evaluated on held-out test trajectories.

Results. We evaluate every framework on these five PDE families across four LLM backbones
(Gemini 3.5 Flash, GPT-5.5, Claude Opus 4.8, and DeepSeek V4-Pro) along three metrics: accuracy
(normalized Root Mean Square Error, nRMSE), pass rate, and API token cost. Throughout the result
tables, the best value in each PDE column is shaded gray and the second best is underlined. The
main text reports accuracy. The full pass rate, token cost and ablation experiment results are provided
in Section[B] Table[I]compares WEB-PDE-LLM qualitatively against state-of-the-art LLM-based
PDE solving frameworks [9, [12} 138} 24] and LLLM-only generation: it is the only method that is
simultaneously cross-platform, zero-configuration, real-time-visualized, autonomously debugged,
and training-free.

Table 1: Qualitative evaluation of generated solver capabilities.

Method Cross-Platform Zero- Real-Time  Autonomous No Training
Compatibility  Configuration Visualization = Debugging Required
WEB-PDE-LLM v v v v v
CodePDE v X X v v
LLM-only v X X X v
MCP-SIM X X X st v
PINNsAgent v X X X X
Op-Inf LLM v X X v X

# MCP-SIM resolves system runtime bugs but cannot correct numerical accuracy issues (e.g., high nRMSE).

Evaluation Metrics. Because several methods failed on the harder PDEs, a geometric mean over
only the successful cells would reward a method for reporting results on easy problems while ignoring
its failures. We therefore summarize each method with a coverage-aware Score that grades every
PDE relative to the five competing methods (WEB-PDE-LLM, LLM-only, CodePDE, MCP-Sim,
PINNsAgent) so a method cannot score well by solving only the easy PDEs. PDE solving accuracy
uses the normalized RMSE, nRMSE = %Zleﬂu(s) — a®)||o/||ul) |2, averaged over the S
number of samples of that PDE. Token cost counts every input and output token each framework
sends to and receives from the LLM API, priced in USD at the providers’ official rates. Pass rate
enters directly on its raw 0—100 scale. The exact formulas are in Section[A4]

Overall comparison. Figure 2] summarizes the three metrics under this Score. WEB-PDE-LLM
leads on accuracy (87.3) and pass rate (90.5), ahead of CodePDE (51.3, 78.5) and well ahead of
MCP-Sim (19.2, 47.5). The gap comes mostly from coverage on the cardiac models, where the
Python baselines often fail to produce a running solver. Its weakest metric is token efficiency (45.6):
the parse-code-verify-debug loop calls LLM several times, although it still beats the MCP-Sim loop,
the most token-hungry method on every PDE (0.9). One-shot LLM-only generation is the cheapest in
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Figure 2: Coverage-aware Score per metric, averaged over four LLM backbones (Gemini 3.5 Flash,
GPT-5.5, Claude Opus 4.8, DeepSeek V4-Pro). Each metric is graded per PDE relative to the
competing frameworks (best — 100, worst — 0, fail — 0) and averaged over the five PDEs; nRMSE
and token cost use log-relative grading, pass rate is scored directly on its 0—100 scale (all: higher
score is better).

tokens (87.4). PINNsAgent is close behind (77.2) but the least accurate (6.7), trading LLM calls for
network training.

Accuracy. Table [2] reports test nRMSE per PDE and backbone. WEB-PDE-LLM is the only
framework that produces a valid TNNP solver on all four backbones, down to 4.67 x 1076 on
GPT-5.5 and 3.35 x 10~ on DeepSeek V4-Pro. Among the Python baselines, only MCP-Sim returns
a TNNP success (a single DeepSeek V4-Pro run at 6.26 x 107!, five orders of magnitude worse),
while CodePDE, LLM-only, and PINNsAgent fail on every backbone. For FK, WEB-PDE-LLM’s
best run reaches 2.80 x 10~%, similar to the strongest CodePDE run (2.79 X 10~%), while MCP-Sim
never completes an FK case. On the 1D cases, the shader solvers are about an order of magnitude
more accurate than the Python baselines (1.70 x 10~3 against 1.32 x 10~2 on advection, 7.24 x 10~*
against 1.67 x 102 on Burgers’), which is due to the parsed-metadata stage selecting a stable At and
an upwind-consistent stencil. Heat is the exception: the one-shot Python solvers reach 2.12 x 1077,
whereas WEB-PDE-LLM bottoms out at 1.86 x 1079, close to the single-precision-texture floor.
PINNsAgent is competitive only on advection and otherwise trials every code-generating method by
two to four orders of magnitude. Figure[3]in Section|B.4]shows the predicted fields and pointwise
errors behind these numbers for the Gemini 3.5 Flash backbone.

Pass Rate and Token Efficiency. Complete pass-rate and token-cost results for all PDEs, methods,
and LLM backbones are reported in Section[B] WEB-PDE-LLM achieves the strongest TNNP pass
rate, ranging from 50-100% across backbones, and 70-90% for FK. In contrast, CodePDE never
succeeds on TNNP and MCP-Sim fails on FK, with only one successful TNNP trial (10%). Although
WEB-PDE-LLM uses 2—4 times more tokens than one-shot generation on simple cases, its end-
to-end cost ($1.39—-$13.76 per backbone) remains below CodePDE ($2.15-$22.40) and MCP-Sim
($2.49-$36.57).

Ablation Experiment. To isolate WEB-PDE-LLM’s two agents, we remove them cumulatively on
GPT-5.5: dropping parse-validation degrades accuracy on four of five PDEs and drops mean pass
rate from 96.0% to 84.0%; further removing the Debug Agent costs another order of magnitude on
advection and 4 more points (Section [B.3).

5 Conclusion

We introduced WEB-PDE-LLM, a multi-agent framework that transforms mathematical PDE descrip-
tions directly into validated, interactive GPU simulations running in a web browser. Across five PDE
families and four LLM backbones, WEB-PDE-LLM achieves the highest overall accuracy and solver
pass rate among the evaluated methods, with its strongest advantage on complex cardiac PDE models
with many state variables. These results demonstrate that LLM agents can bridge mathematical model
specification and accessible, high-performance scientific simulation.

The framework has several limitations. WebGL textures use single precision, limiting achievable
accuracy, and the current implementation targets explicit time-stepping on regular grids. Globally
coupled problems such as Poisson equations requiring a linear solve at each step are therefore not
easily supported. Irregular geometries and three-dimensional domains also remain to be explored.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction claim a multi-agent framework that turns PDE
specifications into browser-executable WebGL solvers, and the highest accuracy and pass
rate among the evaluated methods. Those results are supported by Section [3|and the results
in Tables 2l to @l

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The final paragraph of the Conclusion discusses single-precision WebGL
textures, the restriction to explicit time stepping on grids, the solving difficulty with globally
coupled problems such as Poisson equations.

. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [N/A]

Justification: The paper presents an empirical framework and benchmark study: it contains
no theoretical result requiring proof. The equations given are the definitions of the PDE
families and the scoring metric, not derived results.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Section [3| specifies the agent roles and the parse/code/verify/debug loop.
Section [A] gives the full equations, domains, grids, time steps, and parameters for all five
PDE families. Section[A.5]gives the trial times, acceptance threshold, and debug budget.
Sections [C|to [E|reproduce every agent and baseline prompt verbatim.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The code, WebGL skeletons, and reference-trajectory gen-
eration  scripts are available at https://anonymous.4open.science/r/
web-pde-1lm-anonymous-3B56/.

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: Section [3]states that train and test initial conditions are disjoint and that the
shader is frozen before test evaluation. Section gives the ten independent trials per case,
the debug trigger threshold € = 0.1, the revision cap R = 5, and the lowest-train-nRMSE
selection rule, applied identically to all baselines. Section[A.3|describes the 50 test initial
conditions per PDE family and their sources.

7. Experiment statistical significance
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10.

11.

12.

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: Following the CodePDE baseline paper, each reported nRMSE is the solver
with the lowest train error out of ten trials, evaluated on 50 held-out initial conditions, so a
spread over trials would not be meaningful for that number. Run-to-run variability is instead
reported as the pass rate over the same ten trials (Table [3).

. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Table ] reports input and output tokens per PDE and the end-to-end API cost
per backbone at official prices, including failed runs, which is the dominant cost for all
code-generating methods. Local execution is a consumer GPU through the browser, with
solve times annotated in Figure 3] (for example 1.66 s for a Fenton—Karma run to 7' = 100);
PINNsAgent additionally requires network training on a single GPU.

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The work uses only synthetic and published simulation data, involves no
human subjects and no personal data, and the submitted version preserves anonymity. The
authors have reviewed the NeurIPS Code of Ethics and find no deviation.

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The positive impact is lowering the setup barrier to scientific simulation, since
generated solvers run in a browser on consumer hardware without a Python environment
or specialized infrastructure, which helps teaching and low-resource settings. The corre-
sponding risk is that an automatically generated solver can look convincing while being
numerically wrong, which is why the framework validates against reference trajectories and
reports pass rate alongside accuracy. The users should not treat generated solvers as verified
without such checks, particularly for the cardiac models, which are research models and not
clinical tools.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: No pretrained model, generative model, or scraped dataset is released. The
released artifacts are solver-generation code and synthetic PDE reference trajectories, which
carry no such misuse risk.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

10


https://neurips.cc/public/EthicsGuidelines

418
419
420
421

422

423
424

425

426
427
428
429

430

431
432
433

434

436

437

439
440
441
442

443

444
445

446

447
448
449
450

451

452

454
455

13.

14.

15.

16.

Justification: PDEBench is cited as the source of the advection and Burgers’ reference
data [235]], and the Fenton—Karma and TP06 model formulations are cited to their original
publications [2H4]. The baseline frameworks are cited to their papers [9} [12] 138]], and the
license of each asset is recorded in the released code.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The new assets are the WEB-PDE-LLM framework and the five-family evalua-
tion suite with its reference trajectories. Their documentation is in the paper (Sections
[A3]to[A.5]and [C) and in the anonymized code release, which includes the discretizations,
parameter files, and instructions for regenerating the reference solutions.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]

Justification: The paper involves no crowdsourcing and no human subjects. All evaluation is
automated against numerical reference solutions.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]

Justification: The paper involves no human subjects and no participant data, so no IRB
review or equivalent approval was required.

Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [Yes]

Justification: LLMs are the core of the method: they act as the parse, checking, code, verify,
and debug agents that produce and repair the WebGL shaders. Section [3|describes each role,
Section [C]reproduces every prompt verbatim, and the four evaluated backbones (Gemini 3.5
Flash, GPT-5.5, Claude Opus 4.8, DeepSeek V4-Pro) are named throughout the results.
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A Full PDEs and Score Formulas

This appendix gives the complete state equations for the two cardiac models, the data source, and the
exact coverage-aware Score formulas.

A.1 Fenton-Karma

The Fenton—Karma (FK) model is a two-dimensional, three-variable nonlinear reaction—diffusion
system consisting of the normalized transmembrane potential u(¢, ) and two non-diffusive gating
variables v(t, ) and w(t, ). Only u contains a diffusion term. The model is

ou I (u, v) + Iso(u) + Isi(u, w)

5 DV?u — c ,

ov 1 —=Hu—u)](1-v) Hu—u)v

ot Ty (u) - T ’ )
ow  [1—Hu—u)](l—w) Hu—u)w

ot - Tw B s '

The three ionic currents are

vH(u —ue)(u—u)(1 — u)

Is(u,v) = — ;
Td
1- - Uc - Uc
Lo (1) = wll — H(u — ue)] n H(u—u )’ 2
To Tr
1+ tanh (k(u — u
Iy ) = — 2 LL ot (K = )]
2Tsi
The voltage-dependent recovery time scale is
T, () =[1 —H(u—uy)] 77 + H(u — uy)7,03, 3)

where 7(-) denotes the Heaviside function.

A.2 Ten Tusscher—Noble-Noble-Panfilov

The ten Tusscher—Noble—Noble—Panfilov (TNNP) model couples a diffusive transmembrane potential
V (¢, ) to nineteen non-diffusive state variables. The potential evolves as

1
atv = DVQV - Cf Iiom (4)

where the total ionic current sums twelve nonlinear components,

Iion = INa + IKI + I[o + IKr + IKs + ICaL

)
+ INaCa + INaK + IpCa + IpK + IbNa + IbCa'
Writing ¢ = F/(RT), the Nernst reversal potentials are
EK:%IH%, ENa:%IH %Z:, ©)
_ 11, KotprnaNao _ 17, Ca,
Exs = I ipenanay  Foa =350 5e
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and the individual currents are
Ina = Gnam?hj (V — Eng), Lo = Giors(V — Eg),
Ik = Grr/Ko/5.4 2122 (V — Ex),
Ity = Grs 22 (V = Eks),  Ixi = Gr12k1,00(V) (V — Ekg),

e G (V=Ex) | GueaCar
PR e(25-V)/5.98° pCa = Kpca + Ca;’
Iyna = Gonva(V — Ena), Ivca = Goca(V — Eca), ™
I _ PNaK Ko Nai
YT (Ko + Kok )(Nai + Kmna) O(V)

Ica, = Gear d f f2 feass Poux (V, Cass),
kNaCa (e”vqua?C’ao —« 6(7_1)V¢Nag0ai)
(K3 + Nad)(Kmca + Cao) (1 + ksat 6(7—1)V¢) ’

mNai

where O(V) =1+ 0.1245e7%1V¢ 4 0.0353 ¢e~V? and the L-type calcium driving term takes the
Goldman-Hodgkin—Katz form

INaca =

4V —15) ¢F (0.25 Cagg e*V=19¢ — Ca,)

Peuk (V, Cass) = 2(V-15)¢ _ | ' ®

Each of the twelve voltage-dependent gates relaxes toward a voltage-dependent steady state under
Hodgkin—Huxley kinetics and is advanced by an exponential (Rush—Larsen) update, while the SR
release gate R and the five ion concentrations (Na;, K;, Ca;, Casg, Caggr) evolve from these
currents together with SR release, uptake, leak, transfer, and rapid calcium buffering. The complete
gate rate functions, concentration balances, and standard TP06 parameter values are released with
our code.

A.3 Code and Data Source

Each PDE family is evaluated against 50 samples with different initial conditions. The reference
solutions come from three sources. Advection and Burgers’ are taken from PDEBench [235]], so the
initial conditions and reference trajectories are the published ones. Heat uses the exact solution: the
periodic heat kernel is applied in Fourier space, which is analytic rather than numerical and explains
why the LLM-only Python solvers reach 2.12 x 10~ on this case. Fenton—Karma and TNNP have no
closed form, so their references are generated from the published implementations of the two cardiac
models [2H4]. The full codes and data are available at https://anonymous.4open.science/r/
web-pde-11lm-anonymous-3B56/.

A4 Coverage-aware Score

With N, 4e PDEs (here Njq. = 5), method m scores on PDE pde

log Eworst,pde — IOg €m,pde
b)
log €worst,pde — IOg €best,pde

Qm,pde = 100 x ©)]
where e, pde iS the nRMSE (or input token + output token) of method m on PDE pde, and
€best,pde = Mily, €y pde AN Eyworst, pde = MAXyy, €m pde are the lowest and highest values achieved
by any method on that PDE. The best method on a PDE scores 100, the worst 0, and a failed (“-")
result is assigned @, pde = 0. The Score is the mean over all PDEs,

Npde
1
Score,, = —— Z Qm,pde; (10)
die pde=1

where the method m ranges over the five compared frameworks (WEB-PDE-LLM, LLM-only,
CodePDE, MCP-Sim, and PINNsAgent).

A.5 Experimental Protocol

Every PDE family, for every PDE solving framework and every LLM backbone, is run for 10
independent trials, and the solver with the lowest train nRMSE is the one carried forward to evaluation.
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During the training phase of each trial, the debug agent, where the framework has one, is invoked
when the solver fails to compile or when its train nRMSE exceeds € = 0.1, and is allowed at most
R = b revision rounds. All baselines and WEB-PDE-LLM share the same experimental protocol
with the same parameters.

B Additional Results

This appendix reports the full nNRMSE, pass-rate and token-cost measurements, together with field
comparisons and the full ablation table.

B.1 Test nRMSE

Table 2] reports test nRMSE for every combination of PDE, method, and backbone. On the four
simpler PDEs the methods stay within an order of magnitude of each other, and on Heat several
one-shot Python solvers agree to the reported precision. On FK and TNNP most baseline methods
simply fail, which is what the coverage-aware Score is built to capture.

Table 2: Test nRMSE by PDE type, method, and LLM backbone. Each entry is averaged over the 50
test initial conditions of that PDE family. The best value in each column is shaded and the second
best underlined, with cells that tie at the reported precision all shaded. “~” marks a case for which
the method never produced a valid solver. Several LLM-only and CodePDE cells coincide to have
similar nRMSE: CodePDE gives the model almost as much freedom as one-shot prompting, so a
strong enough backbone should give similar solvers either way, for easy PDEs. Lower is better.

Test nRMSE ({) \Advection Burgers Heat FK TNNP
WEB-PDE-LLM

Gemini 3.5 Flash 2.56e-3 1.46e-3 3.89e-4 2.8le-4 1.32e-5
GPT-5.5 1.70e-3 7.24e-4  1.86e-6 2.80e-4 4.67e-6
Claude Opus 4.8 1.88e-3 1.46e-3 39le-4 9.57e-3 3.03e-3
DeepSeek V4-Pro 1.70e-3 1.16e-3  3.85e-5 6.95¢-3 | 3.35e-6

LLM-only
Gemini 3.5 Flash 1.36e-2  2.36e-2 | 2.12e-7  4.15e-4 -
GPT-5.5 1.36e-2 1.73e-2 | 2.12e-7 - -

Claude Opus 4.8 1.32e-2 2.33e-2 | 2.12e-7 - -
DeepSeek V4-Pro 1.32e-2 1.73e-2  2.13e-7 - -

CodePDE
Gemini 3.5 Flash 1.36e-2 2.36e-2 | 2.12e-7 4.15e-4 -
GPT-5.5 3.50e-2 1.74e-2  1.26e-6 3.12e-4 -

Claude Opus 4.8 1.32e-2 2.33e-2  1.27e-6 4.78e-3 -
DeepSeek V4-Pro 1.32e-2 1.72e-2  1.37e-6 | 2.79e-4 -

MCP-Sim
Gemini 3.5 Flash 1.33e-2 3.75e-2  3.79%-4 - -
GPT-5.5 1.36e-2 1.93e-2  1.79e-6 - -
Claude Opus 4.8 1.36e-2 1.97e-2  3.79e-4 - -
DeepSeek V4-Pro |  9.59-1 1.67e-2  7.81e-3 - 6.26e-1
PINNsAgent
Gemini 3.5 Flash 1.89%¢-2 1.71e-1  1.24e-2  5.03e-1 -
GPT-5.5 1.01e-2 1.96e-1 7.85e-3  6.28e-1 -

Claude Opus 4.8 1.75e-2 2.41le-1  1.24e-2 7.27e-1 -
DeepSeek V4-Pro | 2.72e-3 6.17e-1  8.69e-3  3.90e0 -

B.2 Pass rate
Accuracy is only meaningful on cases a framework can actually run, so Table 3]reports the fraction

of trials for which the generated solver executes and produces output. The pattern follows the
accuracy results: WEB-PDE-LLM is the only framework that runs on TNNP, CodePDE is reliable
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everywhere else but never produces a TNNP solver, and MCP-Sim starts degrading as early as
Burgers. PINNsAgent passes almost everywhere, but that records only that training completed, not
that the result is accurate.

Table 3: Pass rate by PDE type, method, and LLM backbone, calculated over 10 independent trials
per case. Trial counts as a pass if the generated solver compiles and runs to the full horizon 7" without
crashing or producing NaN/Inf, regardless of its numerical accuracy. Higher is better.

Pass rate (1) \ Advection Burgers  Heat FK TNNP
WEB-PDE-LLM

Gemini 3.5 Flash 100.0%  100.0% 100.0% 90.0%  50.0%
GPT-5.5 100.0%  100.0% 100.0% 90.0%  90.0%
Claude Opus 4.8 80.0% 100.0% 100.0% 80.0% 100.0%
DeepSeek V4-Pro 90.0% 90.0% 100.0% 70.0%  80.0%

LLM-only
Gemini 3.5 Flash 100.0% 80.0% 100.0% 90.0%  0.0%
GPT-5.5 100.0%  100.0% 100.0%  0.0% 0.0%

Claude Opus 4.8 100.0% 30.0% 80.0%  0.0% 0.0%
DeepSeek V4-Pro | 100.0% 60.0% 100.0%  0.0% 0.0%

CodePDE
Gemini 3.5 Flash 100.0% 90.0% 100.0% 100.0% 0.0%
GPT-5.5 100.0%  100.0% 100.0% 100.0% 0.0%

Claude Opus 4.8 100.0%  100.0% 100.0% 100.0%  0.0%
DeepSeek V4-Pro | 100.0%  100.0% 100.0% 80.0%  0.0%

MCP-Sim
Gemini 3.5 Flash 100.0% 80.0% 90.0%  0.0% 0.0%
GPT-5.5 80.0% 50.0% 100.0%  0.0% 0.0%

Claude Opus 4.8 80.0% 80.0% 70.0%  0.0% 0.0%
DeepSeek V4-Pro 90.0% 40.0% 80.0%  0.0% 10.0%

PINNsAgent
Gemini 3.5 Flash 100.0%  100.0% 100.0% 100.0% 0.0%
GPT-5.5 100.0%  100.0% 100.0% 100.0% 0.0%

Claude Opus 4.8 100.0%  100.0% 100.0% 100.0% 0.0%
DeepSeek V4-Pro | 100.0%  100.0% 100.0% 100.0% 0.0%

B.3 Token cost

Table [ reports input/output tokens per PDE together with the total API cost of running each backbone
over the whole suite, including failed runs. WEB-PDE-LLM spends 2-4 x the tokens of one-shot
generation on the simple cases, since parse validation, verification, and shader repair each issue
additional calls, but ends up cheaper end-to-end than CodePDE or MCP-Sim, which burn roughly
half a million tokens per backbone on TNNP without producing a working solver. PINNsAgent is
cheapest in tokens because its LLM only proposes a training configuration; the cost moves to GPU
training instead. Absolute figures depend heavily on the backbone: DeepSeek V4-Pro runs the whole
suite for $1.39 despite emitting the most output tokens.
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Table 4: Token cost by PDE type, method, and LLM backbone, as input/output tokens. The last
column is the API cost in USD over all five PDEs, failed runs included, at official prices per 1M in/out
(gemini-3.5-flash $1.50/$9.00, GPT-5.5 $5.00/$30.00, claude-opus-4-8 $5.00/$25.00, deepseek-v4-
pro $0.435/$0.87). Counts are normalized to the 10-trial budget: PINNsAgent searches once and is
scaled x10, and the three DeepSeek Heat runs that finished 5 of 10 trials are scaled x2. Lower is

528

529
530
531
532

better.

Token cost ({) | Advection Burgers Heat FK TNNP | Cost (USD)
WEB-PDE-LLM
Gemini 3.5 Flash 19.3k/10.6k 20.1k/13.5k 20.6k/13.0k 65.1k/38.2k 553.0k/304.6k $4.44
GPT-5.5 27.8k/13.0k 24.0k/14.2k 20.3k/10.6k 57.7k/33.8k 248.5k/184.3k $9.56
Claude Opus 4.8 39.9k/38.3k 52.0k/37.9k 31.6k/34.8k  103.0k/78.4k  323.3k/251.1k $13.76
DeepSeek V4-Pro | 37.4k/141.7k  38.3k/201.4k  18.3k/69.9k  151.7k/308.7k  455.3k/520.0k $1.39
LLM-only
Gemini 3.5 Flash 6.2k/7.2k 6.3k/13.4k 6.5k/10.7k 14.5k/18.8k 56.2k/73.5k $1.25
GPT-5.5 5.7k/7.2k 5.8k/9.7k 6.0k/34.8k 13.1k/14.4k 53.6k/60.5k $4.22
Claude Opus 4.8 8.5k/16.3k 8.7k/17.9k 9.1k/13.7k 19.0k/21.2k 78.0k/96.6k $4.76
DeepSeek V4-Pro | 5.6k/33.1k 5.8k/83.3k 6.8k/388.6k 12.8k/98.2k 49.8k/235.2k $0.76
CodePDE
Gemini 3.5 Flash 9.3k/14.1k 25.7k/39.9k 9.7k/15.9k 17.7k/24.1k 477.4k/513.3k $6.27
GPT-5.5 8.7k/19.7k 8.8k/22.8k 9.0k/78.0k 16.1k/26.7k 471.8k/513.8k $22.40
Claude Opus 4.8 13.4k/23.7k 13.6k/27.1k 14.0k/25.0k 23.9k/38.9k 553.1k/627.4k $21.64
DeepSeek V4-Pro | 10.0k/39.1k 17.3k/93.9k 9.8k/344.7k  44.3k/206.4k  343.7k/1570.7k $2.15
MCP-Sim
Gemini 3.5 Flash | 52.0k/39.3k 66.6k/50.8k 58.8k/47.5k  184.7k/167.5k  543.1k/511.5k $8.71
GPT-5.5 76.4k/62.6k 72.0k/60.3k  66.2k/156.4k 175.9k/164.4k  565.1k/616.0k $36.57
Claude Opus 4.8 97.7k/75.9k  125.0k/103.7k 114.9k/96.5k 252.5k/232.0k  549.2k/525.7k $31.54
DeepSeek V4-Pro | 47.6k/164.4k  76.5k/347.9k  60.7k/776.5k 136.2k/462.5k  390.7k/754.9k $2.49
PINNsAgent
Gemini 3.5 Flash 39.0k/4.2k 39.2k/4.3k 40.9k/4.2k 38.7k/4.2k 38.7k/4.1k $0.48
GPT-5.5 33.9k/3.3k 34.0k/3.4k 35.4k/10.3k 33.6k/11.9k 33.6k/3.2k $1.82
Claude Opus 4.8 49.8k/4.5k 49.9k/4.6k 52.2k/4.6k 49.6k/4.5k 49.3k/4.4k $1.82
DeepSeek V4-Pro | 33.5k/31.4k 33.5k/26.4k 37.3k/49.1k 35.5k/86.0k 33.2k/23.1k $0.26

B.4 Field Comparisons

Figure [3|compares the solution fields themselves rather than the scalar nBRMSE, using the Gemini 3.5
Flash backbone on a same initial condition. Every block pairs the method’s field at the final time
with its absolute error against the reference solution, drawn on a log color scale so that diverged runs
remain readable side by side, and is annotated with its nRMSE and wall-clock solve time.
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Figure 3: Solution fields on the Gemini 3.5 Flash backbone for one initial condition, with one column
per PDE (Advection, Burgers’, Fenton—Karma) and one block per method. Each block shows the
final-time field beside its absolute error against the reference on a log scale, annotated with nRMSE
and solve time. MCP-Sim smooths out Burgers’ shock and returns an all-zero Fenton—Karma field,
and PINNsAgent recovers neither the shock nor the wavefront. On FK the WEB-PDE-LLM solver
reaches the horizon in 1.66 s (Section[B-4), achieving real-time simulation.

B.5 Ablations

Dropping the parse-validation stage degrades accuracy on four of the five PDEs, most sharply on Heat,
where nRMSE rises from 1.86 x 1076 to 7.82 x 10~3, and on FK, where it rises from 2.80 x 10~* to
7.77 x 1073; the mean pass rate falls from 96.0% to 84.0%, confirming that explicitly checking the
extracted At, boundary conditions, and parameter set catches unstable configurations the Code Agent
would otherwise commit to. Additionally removing the Debug Agent leaves the Heat, FK, and TNNP
cells unchanged but costs another order of magnitude on advection (2.56 x 1072 — 3.95 x 1072)
and a further 4 points of pass rate, indicating that shader repair mostly recovers cases that compile-fail
or diverge outright rather than refining already-correct kernels. The one cell that does not follow the
trend is TNNP, where the ablated variants report a marginally lower nRMSE (3.82 x 1076 versus
4.67 x 1075); with a 12-point lower pass rate on the same configuration, this reflects averaging over
a smaller and easier set of surviving runs rather than a genuine accuracy gain.
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Table 5: Ablation on the GPT-5.5 backbone, removing parse validation and the Debug Agent
cumulatively. Lower nRMSE is better.

Test nRMSE ({) \ Advection Burgers’ Heat FK TNNP \ Mean Pass Rate (1)
GPT-5.5

WEB-PDE-LLM (full) 1.70e-3 7.24e-4 1.86e-6 2.80e-4 4.67¢-6 96.0%

— Parse 2.56e-3 9.57e-4 7.82e-3 7.77e-3 © 3.82e-6 84.0%

— Parse — Debug 3.95e-2 1.33e-3  7.82e-3 7.77e-3 = 3.82e-6 80.0%

C WEB-PDE-LLM Prompts

The prompts for each agent in the parse/code/verify/debug loop, reproduced verbatim. Names in
braces are placeholders filled in at call time: {PDEs} and {bc} come from the parsed JSON, and
{context_info} carries the console log, WebGL error, or last-measured nRMSE. No held-out test
trajectory, test reference value, or test nRMSE is included in the agent context. The ablation variants
use the same prompts with the parsed fields replaced by the raw PDE text, so they are not repeated
here.

You are an intelligent AI researcher for coding, numerical algorithms, and scientific
computing.

Your goal is to conduct cutting-edge research in the field of PDE solving by
leveraging and creatively improving existing algorithms to maximize performances based on
feedbacks.

Follow the user's requirements carefully and make sure you understand them.

Always use Markdown cells to present your code.

N J

You are given a clarified simulation specification intended for webGL.

Your task is to parse this paragraph into a structured JSON object that captures all
key attributes needed for code generation.

Output only the JSON. No talk, no markdown.

### JSON Schema Requirements:
1. "PDEs": String. Full PDEs using LaTeX. IMPORTANT: Use double backslashes (e.g., \
nabla) for all LaTeX commands to ensure valid JSON escaping. When there is a new line, use
\n.
"number_of_state_variables": Integer.
"texture_size": Integer (e.g., 512).
"spatial_step": Float (the value of dx).
"domain_size": Float (the size of the spatial domain, e.g., 20 for [-10,10]).
"temporal_step": Float (the value of dt).
"time_horizon": Float (the total simulation time, e.g., 100.0).
"boundary_conditions": String or Object describing the conditions.
. "parameter_values": Object mapping each parameter to its initial value.
10. "notes": String (optional, use null if no Important implementation notes)
### Example Output Format:
{
"PDEs": "\frac{\partial u}{\partial t} = D \nabla~2 u \n",
"number_of_state_variables": 3,
"texture_size": 512,
"spatial_step": 0.01,
"domain_size": 20.0,
"temporal_step": 0.001,
"time_horizon": 100.0,
"boundary_conditions": "Periodic",
"parameter_values": {"D": 0.001, "C_m": 1.0, "tau_pv": 7.99},
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}

Input:
{user_input}

Output:

Given this PDE description:
{pde_desc}

And this JSON parameter set:
{json}

Check if the parameters (especially temporal_step with CFL condition) are reasonable
for this PDE.

Modify any values if needed for stability and accuracy.

Return the complete modified JSON (or the same JSON if no changes needed).

-
N

Given the {PDEs}, {coding_skeleton}, boundary condition {bc} and notes {notes}, return
the complete glsl code implementation for the PDE solver in WebGL (do not put #version
300 es in your codes).

Output only the raw glsl code. No talk, no markdown, just code.

~
-

The code {codes} is producing errors or high RMSE in this context: {context_info},
with the following pdes {PDEs}, boundary conditions {bc}, and parameter values:

{parameter_values}

{return_format}

-
&

D Baseline Prompts

Prompts for the three baselines that ask an LLM to write a solver, reproduced verbatim. LLM-only
makes one generation call. CodePDE generates once and then repairs on failure, picking one of two
debugging prompts depending on whether the run returned high numerical error or crashed, with the
previous solver sent to the call. MCP-Sim clarifies the request, parses it to JSON, generates FEniCS
code from that JSON, and diagnoses errors when a run fails. In each case pde_description is filled
with the corresponding description from Section [E] the same one WEB-PDE-LLM receives.

PINNsAgent is not listed here because it never asks the LLM for a solver. The PDE is fixed in
its training code, and the LLM instead picks a configuration (network width and depth, activation,
optimizer, sampling, and loss weights) from a predefined search space over a small number of
iterations, guided by the scores of earlier trials [38]]. Its prompt is therefore a hyperparameter-
selection prompt rather than a code-generation prompt, and the solver quality it reports comes from
network training rather than from anything the LLM writes.

You are a helpful and precise assistant for solving PDEs. Your task is to implement
the solver function based on the provided template and description.
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You are an expert in scientific computing. Your task is to write a complete, efficient
implementation of a PDE solver. Implement the “solver™ function to solve the PDE. You
must not modify the function signature.

### 1. PDE Description
{pde_description}

### 2. Solver Template
T “python
{solver_template}

-
"

You are an intelligent AI researcher for coding, numerical algorithms, and scientific
computing.

Your goal is to conduct cutting-edge research in the field of PDE solving by
leveraging and creatively improving existing algorithms to maximize performances based on
feedbacks.

Follow the user's requirements carefully and make sure you understand them.

Always document your code as comments to explain the reason behind them.

Always use Markdown cells to present your code.

-
-

Your task is to solve a partial differential equation (PDE) using Python in batch mode.
{pde_description}

You will be completing the following code skeleton provided below:
* T “python
{solver_template}

Your tasks are:

1. Understand the above code samples.

2. Implement the “solver ™ function to solve the PDE. You must not modify the function
signature.

The generated code needs to be clearly structured and bug-free. You must implement
auxiliary functions or add additional arguments to the function if needed to modularize
the code.

Your generated code will be executed to evaluated. Make sure your “solver  function
runs correctly and efficiently.
You can use PyTorch or JAX with GPU acceleration.
You must use print statements for to keep track of intermediate results, but do not
print too much information. Those output will be useful for future code improvement and/or
debugging.

Your output must follow the following structure:

1. A plan on the implementation idea.
2. Your python implementation (modularized with appropriate auxiliary functions):

" “python
[Your implementation (do NOT add a main function)]

You must use very simple algorithms that are easy to implement.

-
AN
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Thank you for your implmentation! When running the code, I got the following output
and error message:

Code output: {code_output}
Error message: {error_message}

Can you think step-by-step to identify the root cause of the error and provide a
solution to fix it? Please provide a detailed explanation of the error and the solution
you propose. You can refer to the code implementation you provided earlier and analyze the

error message to identify the issue.

Your response should be in the following format:

[Your rationale for debugging (think step-by-step)]
* T “python
[Your bug-free implementation]

N J

Thank you for your implmentation! After running the code, the error becomes NaN or inf.

The followings are the output and error message:
Code output: {code_output}
Error message: {error_message}

Can you think step-by-step to identify the root cause of the error and provide a
solution to fix it? You should check if any computation in the code is numerically stable
or not. You should also consider to use smaller step sizes.

Your response should be in the following format:

[Your rationale for debugging (think step-by-step)]
* T “python
[Your bug-free implementation]

(& J

You are given a user's simulation request in natural language. Based on the following
guidelines, generate a **single-paragraph, fully specified simulation description**
suitable for direct use in FEniCS.

Carefully consider the following aspects when clarifying:

Problem Type and Structure

- Identify the PDE type: heat, fluid (Navier-Stokes), elasticity, fracture, reaction-
diffusion, etc.

- Specify whether the problem is steady or time-dependent.

- Determine if it is multiphysics (e.g., thermo-elasticity, fluid-structure
interaction, electro-mechanics).

- Identify spatial dimension: 2D or 3D.

- Describe the domain shape: rectangle, circle, cylinder, presence of notch, etc.
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Field Variables and Conditions

- Define field variables such as u, p, T, d, k, etc.

- Infer and describe boundary and initial conditions clearly.

- Estimate required material properties: E, nu, k, rho, cp, mu, Gc, etc.

Numerical Settings

- Suggest appropriate time step dt (if transient).

- Recommend solver structure (e.g., nonlinear Newton solver, staggered scheme).
- Mention output format (e.g., whether to store results in .xdmf).

Format your output as one complete paragraph in clear technical English.
Do NOT include section headings or bullet points.

[User Request]
{raw_input}
[Refined Simulation Specification]

578 o J

You are given a clarified simulation specification intended for FEniCS.
Your task is to parse this paragraph into a structured JSON object that captures all
key attributes needed for code generation.

The output must be a valid JSON with the following fields:
- problem_type (e.g., heat, fluid, elasticity, hyperelasticity, fracture)
- pde_description (a short descriptive sentence)
- solver_template (a code skeleton with placeholders for the solver function)
- dimension (1, 2, or 3)
- domain (shape description)
- domain_geometry_file (optional, use null if not needed)
- mesh (object with fields: nx, ny)
- variables (e.g., ["u"], ["u", "p"]1, ["u", "d"D])
- time_dependent (true/false)
- nonlinear (true/false)
- coupled (true/false)
- boundary_conditions (list of Dirichlet or Neumann conditions)
- initial_conditions (initial values for each variable)
- source_terms (list, or empty array [])
- material_properties (dictionary of physical parameters)
- notes (optional field for special considerations)

Output only the JSON object. Do not include any explanation, markdown, or code block.

Input:
{clarified_input}

Output:
579\ J

You are an expert in generating FEniCS-based simulation code.

You are given a parsed JSON object describing the problem, along with the full
clarified natural language description.

You must generate valid, executable Python code using classical FEniCS (do not use
dolfinx), referencing BOTH the parsed JSON and the full_text. Implement the “solver”
function to solve the PDE. You must not modify the function signature.

If any important information is missing in the parsed JSON (e.g., complex geometry,
fiber arrangements, custom material properties), infer and supplement it from the
full_text.

580
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Always prioritize correctness, physical realism, and FEniCS best practices.

Supported problem types:

- 'fluid': Navier-Stokes

- 'heat': heat transfer

- 'elasticity': linear elasticity

- 'hyperelasticity': hyperelastic materials

- 'phase_field_fracture': nonlinear coupled system with damage variable d (range 0-1)

[Code generation requirements]

- Do NOT use Markdown formatting. Return plain Python code only.

- Do not print anything during module import or solver execution. Do not include
progress logs, status messages, shape prints, timing prints, or "simulation complete"
messages. The solver must be silent unless it raises an exception.

- Follow this structure:

1. Import libraries
Define geometry and mesh (construct square shape)
Define function spaces (combine or separate for u/d in phase-field)
Apply boundary and initial conditions
Define weak form F and Jacobian J; use “solve()"
- For time-dependent heat problems:
Use Backward Euler by default
Weak form: F = u*v*dx + dtxk*dot(grad(u), grad(v))*dx - u_n*vkdx
Do NOT include grad(u_n) in any term
6. If problem is time-dependent, include a time-stepping loop:
- For phase_field_fracture: alternate solving u and d
- Save result each step using XDMF format
7. Save outputs (.xdmf files per field, with timestep info if applicable)

o> WN

[Code guidelines]

- Output must be a fully executable Python script (.py), no markdown or explanation

- Use “solve(F == 0, ...)  and include “solver_parameters™ (e.g., max iterations,
relaxation)

- Prefer "MUMPS™ as linear solver for nonlinear problems
- Use "+ eps” for denominators to improve numerical stability (e.g., “epsilon + eps’)

Input Parameters:
{parsed_data}

N J

You are a diagnostic agent specialized in identifying and resolving errors in Python
code for FEniCS-based simulations.

Your task is to:

1. Analyze the simulation output and error logs.

2. Accurately identify the root cause of failure in the original code.

3. Return the corrected full version of the code as plain Python (no markdown).

Output Format (must follow this JSON schema):
8t
"fix_type": "parsing" or "code",
"hint": "Explanation of the error and how it was fixed",
"after_code": "Modified full Python code",
"confidence": float between 0.0 and 1.0

3}
Input Data:
[Error Messagel

{error_message}

[Simulation Output Log]
{simulation_output}

[Original Codel
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{code}

E PDE Descriptions

Every framework receives the same natural-language PDE description except for necessary channel
setup in WebGL textures, reproduced below. Each description states the governing equations, the
domain, the required solver signature, the parameter values, and the space-time steps. The TNNP
description is too long to reproduce in full.

The PDE system is a 1D advection model:

\begin{equation}

\begin{cases}

\partial_t u(t, x) = -\beta \partial_x u(t,x) \\
\end{cases}

\end{equation}

where $x \in (0,1)$ and $t \in (0,T]$. The spatial domain is $\Omega = [0,1]$.

Given the discretization of $u(0, x)$ of shape $[batch\_size, N]$ where $N$ is the
number of spatial points, you need to implement a solver to predict the state variables
for the specified subsequent time steps ($t = t_1, \dots, t_T$). The solver outputs $u$,
each of shape $[batch\_size, T+1, N]$ (including the initial time frame and subsequent
steps) .

To maintain stability, internal time-stepping smaller than the required output
intervals should be considered.

Model Parameters are: $\beta=0.1$

**Important implementation notesx**:

- Use 1024 interior spatial points

- The domain is $x \in [0,1]$ with $dx \approx 9.765625 \times 10~{-4}$
- Time horizon is $T=2.0$ with $dt < 1.0 \times 10-{-3}$

- Use periodic boundary conditions.

& J

The PDE system is a 1D Burgers' model:

\begin{equation}

\begin{cases}

\partial_t u(t, x) + \partial_x (u(t,x)~2) / 2 = \nu / 3.1415926 * \partial_ {xx} u(t,x
) \\

\end{cases}

\end{equation}

where $x \in (0,1)$ and $t \in (0,T]$. The spatial domain is $\Omega = [0,1]$.

Given the discretization of $u(0, x)$ of shape $[batch\_size, N]$ where $N$ is the
number of spatial points, you need to implement a solver to predict the state variables
for the specified subsequent time steps ($t = t_1, \dots, t_T$). The solver outputs $u$,
each of shape $[batch\_size, T+1, N]$ (including the initial time frame and subsequent
steps) .

To maintain stability, internal time-stepping smaller than the required output
intervals should be considered.

Model Parameters are: $\nu=0.001$
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**Important implementation notesx**:

- Use 1024 interior spatial points

- The domain is $x \in [0,1]$ with $dx \approx 9.765625 \times 10~{-4}$
- Time horizon is $T=2.0$

- Use periodic boundary conditions.

& J

The PDE system is a 2D heat equation for the temperature field $u(t,x,y)$:

\begin{equation}

\partial_t u(t,x,y) = \alpha \left(\partial_{xx} u(t,x,y) + \partial_{yy} u(t,x,y)\
right)

\end{equation}

where $(x,y) \in (0,1)"2$ and $t \in (0,T]$. The spatial domain is $\Omega = [0,1]"2%.

Given the discretization of $u(0,x,y)$ of shape $[batch\_size, N, N]$, where $N$ is
the number of spatial points in each direction, implement a solver to predict the
temperature field for the specified subsequent time steps ($t = t_1, \dots, t_T$). The
solver outputs $u$ with shape $[batch\_size, T+1, N, N]$ including the initial frame.

Model Parameters are: $\alpha=0.01$

**Important implementation notesx**:

- Use 128 spatial points in each direction.

- The domain is $[0,1)"2$ with $dx = dy = 1/128 = 7.8125 \times 10~{-3}$.
- Time horizon is $T=2.0$.

- Use a stable internal temporal step $dt < 1 \times 10~{-3}$.

- Boundary conditions: periodic in both spatial directions.

- J

The PDE system is a 2D reaction-diffusion model, describing the evolution of the
normalized transmembrane potential $u(t, x)$ and two gating variables $v(t, x)$ and $w(t,

x)$:

\begin{equation}
\begin{cases}
\partial_t u(t, x) = D \mabla~2 u(t, x) - \frac{I_{fi}(u, v) + I_{so}(w) + I_{si}(u, w
YHC_m} \\
\partial_t v(t, x) =
\begin{cases}

\frac{1-v(t, x)}H\tau_{mv}(w)} & u(t, x) < V_c \\
\frac{-v(t, x)}H{\tau_{pv}} & u(t, x) \ge V_c
\end{cases} \\
\partial_t w(t, x) =
\begin{cases}
\frac{1-w(t, x)}{\tau_{mw}} & u(t, x) < V_c \\
\frac{-w(t, x)}{\tau_{pw}} & u(t, x) \ge V_c
\end{cases}\\
\tau_{mv}(u) =
\begin{cases}
\tau_{vi} & u(t, x) < V_v \\
\tau_{v2} & u(t, x) \ge V_v
\end{cases}\\
I_{fi}(u, v) = \frac{-v(t, x) \cdot H(u(t, x) - V_c) \cdot (u(t, x) - V_c) \cdot (1 -
u(t, x))H\tau_d} \\
I_{so}(u) = \frac{u(t, x) (1 - H(u(t, x) - V_c))H\tau_0} + \frac{H(u(t, x) - V_c)}{\
tau_r} \\
I_{si}(u, w) = \frac{-w(t, x)(1 + \tanh(k(u(t, x) - V_{csi})))}{2\tau_{si}}\\
H(x) =
\begin{cases}
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0 & x < 0\\

1&x\geO

\end{cases}
\end{cases}
\end{equation}

where $x \in (0,10)"2$ and $t \in (0,T]$. In our task, we assume No-Flux (Neumann)
boundary conditions. The spatial domain is $\Omega = [0,10]"2$.

Given the discretization of $u(0, x), v(0, x), w(0, x)$ each of shape $[batch\_size, N,
N]$ where $N$ is the number of spatial points, you need to implement a solver to predict
the state variables for the specified subsequent time steps ($t = t_1, \dots, t_T$). The
solver outputs $u, v, w$, each of shape $[batch\_size, T+1, N, N]$ (including the initial
time frame and subsequent steps).

To maintain stability, internal time-stepping smaller than the required output
intervals might be considered.

Model Parameters are: $D = 0.001$, $C_m = 1.0, \tau_{pv}=7.99, \tau_{v1}=9.8, \tau_{v2
}=312.5, \tau_{pw}=870.0, \tau_{mw}=41.0, \tau_{0}=12.5, \tau_{r}=33.83, \tau_{si}=29.0, k
=10.0, V_{csi}=0.861, V_c=0.13, V_v=0.04, \tau_{d}=0.5714$

*xImportant implementation notes*x*:

- Use a $512 \times 512§ spatial grid

- The domain is $x \in [0,10]$ with $dx \approx 1.953125 \times 10~{-2}$
- Time horizon is $T=100.0$ with $dt = 2.5 \times 10~{-2}$

- Use No-Flux (Neumann) boundary conditions.

The PDE system is a 19-state-variables model representing the Ten Tusscher-Noble-Noble-
Panfilov (TP06) human ventricular action potential with 19 state variables.

\begin{equation}

\begin{split}

AM &= \frac{1}{1 + \exp\left(\frac{-60 - V}{6 \right)} \\

BM &= \frac{0.1}{1 + \exp\left(\frac{V + 35}{5}\right)} + \frac{0.10}{1 + \exp\left(\
frac{V - 50}{200}\right)} \\

minft &= \frac{i}{\left(1 + \exp\left(\frac{-56.86 - V}{9.03F\right)\right)~2} \\

\tau_M &= AM \cdot BM, \gquad exptaumt = \exp\left(-\frac{dt}{\tau_MI\right) \\

sm &= minft - (minft - sm) \cdot exptaumt

\end{split}

\end{equation}

[... 137 lines omitted ...]

Model Parameters are: $Ko = 5.4$%, $Cao = 2.0$, $Nao = 140.0$, $Vc = 0.016404$, $GNa =
14.838%, $GbNa = 0.00029%, $KmK = 1.0$, $KmNa = 40.0$%, $knak = 2.724$, $GCal = 0.000039808%,

$GbCa = 0.000592$, $knaca = 1000.0$, $KmNai = 87.5%, $KmCa = 1.38%, $ksat = 0.1$, $n =

0.35%, $GpCa = 0.1238%, $KpCa = 0.0005%, $GpK = 0.0146$, $diffCoef = 0.001$.

- Use 512 interior spatial points.

- Spatial domain $x \in [0,12]°2$ with $dx = 0.0234375%$.

- Time horizon is $T=100.0$ with $dt = 2.5 \times 10~{-2}$

- Boundary conditions: No-Flux (Neumann)

**Important implementation notes for WEB-PDE-LLM only*x*:

Texture 1: ($V$, $sRR$, $Nai$, $Ki$); Texture 2: ($Cai$, $CaSS$, $CaSR$, $ISumCa$);
Texture 3: ($sm$, $sh$, $sj$, $sxs$); Texture 4: ($sd$, $sf$, $sf2$, $sfcass$); Texture 5:
($sr$, $ss$, $sxri1$, $sxr2$).

You must translate the entire PDE mathematical description into the WebGL shader, step-
by-step, with absolutely NO simplifications or structural omissions.

A J
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